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Abstract: We consider the evolution of a quantum particle hopping on a cubic lattice
in any dimension and subject to a potential consisting of a periodic part and a random
part that fluctuates stochastically in time. If the random potential evolves according to
a stationary Markov process, we obtain diffusive scaling for moments of the position
displacement, with a diffusion constant that grows as the inverse square of the disorder
strength at weak coupling. More generally, we show that a central limit theorem holds
such that the square amplitude of the wave packet converges, after diffusive rescaling,
to a solution of a heat equation.

1. Introduction and the Main Results

Diffusive propagation is expected and observed to emerge from wave motion in a ran-
dom medium in a variety of situations. The general intuition behind this expectation is
that repeated scattering from the random medium leads to a loss of coherence, which
in a multi-scattering expansion or path integral formulation suggests a relation with
random walks and diffusion. This intuition is notoriously difficult to make precise in
the context of a static random environment. Indeed, proving the emergence of diffusion
for the Schrodinger wave equation with a weakly disordered potential, in dimension
d > 3, is one of the key outstanding open problems of mathematical physics. For a
random environment that fluctuates stochastically in time, the analysis is simpler and
diffusive propagation has proved amenable to rigorous methods. Heuristically, this sim-
plification is to be expected because time fluctuations suppress recurrence effects in path
expansions.

The present paper is the continuation of a project initiated by the first author and
collaborators [13,14,17,20,25] in which diffusive propagation has been shown to occur
for solutions to a tight binding Schrodinger equation with a random potential evolv-
ing stochastically in time. In the papers [17,20], the following stochastic Schrodinger
equation on 02(74Y was considered:


http://crossmark.crossref.org/dialog/?doi=10.1007/s00220-020-03692-6&domain=pdf
http://orcid.org/0000-0002-1171-7977
http://orcid.org/0000-0002-7816-5505

1598 J. Schenker, F. Z. Tilocco, S. Zhang

10;Y: (x) = Hoy (x) + AV (x, )Y (x), (1.1)

with Hy a (non-random) translation invariant Schrodinger operator, . > 0 areal coupling
constant, and V(x, t) a zero-mean random potential with time dependent stochastic
fluctuations. These models had been considered previously by Tcheremchantsev [27,28],
who obtained diffusive bounds for position moments up to logarithmic corrections.
In [17,20], diffusive scaling for all moments (without logarithms) was proved, under
suitable hypotheses on Hy and V. Furthermore, it was observed that at weak disorder
A — 0, the corresponding diffusion constant D has the asymptotic form

C
D ~ 2 1.2)
The divergence of D as A — 0 seen in Eq. (1.2) is to be expected, since the translation
invariant Schrodinger operator Hy on its own leads to ballistic transport. In [25], the first
author considered the more subtle situation in which the environment is a superposition
of two parts:

10,y (x) = Hoyy (x) + u(0); (x) + AV (x, )Y (x), (1.3)

where u is a static random potential that, at A = 0, gives rise to Anderson localization
(absence of transport). In [25], it was observed that the diffusion constant in this case
has the asymptotic form

D ~ C)\%. (1.4)

Taken together, the results in [17,20,25] suggest that solutions to (1.3) with a general
potential # should satisfy diffusion with a diffusion constant whose asymptotic behavior
in the small A limit is governed by the dynamics of the static Schrodinger operator Hy+u.
In this paper, we study this idea in the context of models of the form of Eq.(1.3) but
with periodic u that leads to ballistic transport. We will obtain diffusive propagation
for the evolution, and more generally, a central limit theorem for the square amplitude.
Furthermore, we prove that in this case the asymptotic relation (1.2) holds.

We consider below solutions to Eq. (1.3) with {u(x)}, .z« a real valued p-periodic
potential. Recall that given p = {pj}‘f:1 € Z‘io, a function u : Z% — R is called
p-periodic if '

u(x +pje;) = u(x) (1.5)

foralll < j <dandx € 74, where e j denotes the standard basis of 74 . Without loss of
generality, we assume that p; > 2 for some j. Otherwise, u is constant and the problem
reduces to that studied in [17]. Throughout this paper, we denote by U the multiplication
operator, (U)(x) = u(x)y (x) for ¥ (x) € £2(Z%).

The analysis below is applicable to a broad class of operators Hy and V (x, ). To
avoid technicalities in this introduction, let us state the main results in terms of hopping
Hy given by the standard discrete Laplacian on Z¢ and potential V (x, r) given by the
following so-called Markovian “flip process,” which is a non-trivial, and somewhat
typical, example of a potential satisfying the general requirements. In general, the random
potential is given by V (x, #) = vy (w(t)), where w(¢) is an evolving point in an auxiliary
state space 2. For the flip process, we take the state space 2 = {—1, 1}Zd, and vy (w) =
wy, the xth coordinate of w. Thus the potential V(x,7) = v,(w(¢)) takes only the
values 1. Now suppose the process w(¢) is obtained by putting independent, identical
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Poisson processes at each site x, and allowing each coordinate wy to flip sign at the times

11(x) < t(x) < --- of the Poisson process. Now the general equation (1.3) becomes:
109 (x) = Z Ve () + u() P (x) + Avg (@ (2) ¥ (x). (1.6)
ly—x|=1

The general assumptions we require of the potential are set out in Sect.2 below.
They allow for a process vy (w(#)) which is correlated from site to site and need not
take discrete values. A somewhat typical example satisfying our general assumptions,
is given by (x, t) — vy (w(#)) such that

(1) at any fixed time 7, the field x — v, (w(t)) is distributed according to the Gibbs
state of a translation-invariant, finite-range lattice Hamiltonian h at a temperature
T for which there is a unique Gibbs state (the high temperature regime); and

(2) the evolution ¢ — {vy(w(t))|x € Zd} is given by a continuous-time Glauber-type
dynamics for b, preserving the Gibbs state at temperature 7.

As long as the lattice Hamiltonian § includes terms coupling the field at different sites,
the resulting dynamics are correlated from site to site.
A sign of diffusive propagation is the existence of a diffusion constant for Eq. (1.6)

1
Di= lim -3 xPE(y: ()P, (1.7

characterized by the relationship x ~ 4/t in the mean amplitude of evolving wave
packets. Here, and throughout this introduction, [E(-) denotes averaging with respect to
the Poisson flipping times #;(x) < #p(x) < --- and the initial values {wy}, 74, taken
independent and uniform in {—1, 1}.

We will show below that the limit in Eq. (1.7) exists for any p-periodic potential u
and A > 0, and furthermore D > 0. To give an unambiguous definition, one may take
the initial value ¥o(x) = 8¢(x). However, as we will show, the limit remains the same
for any other choice of (normalized) ¥ with Zx |x|2 |1//()(x)|2 < 00.

We refer to the existence of a finite, positive diffusion constant as in Eq.(1.7) as
diffusive scaling. More generally, we have the following

Theorem 1.1. (Central limit theorem) For any periodic potential u and A > 0, there
is a positive definite d x d matrix D = D(X, u) such that for any bounded continuous
function f : R? — R and any normalized ¥y € £*(Z¢) we have

1 g 1 -1
ling(%ﬁ(wt(xnz): /R f@® (§> e Py, (18)

where ;(x) is the solution to Eq.(1.6) with initial value . If furthermore ), (1 +
|x|2) [0 (x) |2 < 00, then diffusive scaling Eq. (1.7) holds with the diffusion constant

1
DG) = lim — 3" IxPE(jvs)) = wDG). (1.9)
xezd

Moreover, Eq.(1.8) extends to quadratically bounded continuous f with sup, (1 +
D f @)l < oo
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It is well known that if A = 0 in (1.6), then the free periodic Schrodinger equation
has Bloch-wave solutions and exhibits ballistic motion by Floquet theory, see [2,7]:

=00 t2

1 . 2
lim — 3 |x]? ‘<3x, e—”m”f)ao)‘ € (0, 00). (1.10)
xezd

Indeed, strong ballistic motion was obtained for A+ U in [7]. That s, if X is the position
operator and X (f) = el/(A+U) x¢~11(A+U) jt Heisenberg evolution, then there exists a
bounded, self-adjoint operator Q, with ker(Q) = {0}, such that for any 1 in the domain
of X,

thgO%X(t)I/f — oy,

If we extend the definition of D(}) in (1.9) to A = 0, then D(0) = oco. We are
primarily interested here in the regime A ~ 0, although we will demonstrate diffusion
for all A > 0. However, for small A the diffusion constant will be large and have the
following asymptotic behavior as A — 0:

Theorem 1.2. Under the hypotheses of Theorem 1.1, there is a positive definite d x d
matrix DO such that

D) = 712 (DO +o(1)) and D(A) = trD(A) = ;12 (trDO +o(1)) as . — 0.
(1.11)

The conclusions of Theorems 1.1 and 1.2 are true for Eq.(1.3) under much more
general assumptions on the hopping Hy and the time dependent stochastic potential
V(x, t). We will state the general assumptions and results in Sect. 2.

The rest of the paper is organized as follows: In Sect. 2, a more general class of oper-
ators is introduced and the main result Theorem 2.11, which generalizes Theorems 1.1
and 1.2, is formulated. In Sect. 3 the basic analytic tools of “augmented space analysis,”
developed previously in [17,25], are reviewed. In Sect.4, we present the heart of our
argument, a block decomposition to study the spectral gap of the induced operator on
the augmented space. Section 5 is devoted to a proof of the main result. Certain technical
results used below are collected in appendices.

1.1. History and conjectures. Before turning to the general framework, let us discuss a
history of related work on diffusion, explain the relation of prior works to the present one,
and finally describe several conjectures for more general tight binding models. These
conjectures are closely related to, but do not follow from, the work presented here.

A brief history of related studies is as follows. Ovchinnikov and Erikman obtained
diffusion for a Gaussian Markov (“white noise”) potential [22]. Pillet obtained results on
transience of the wave in related models and derived a Feynman—Kac representation [23]
which we employ here. Using Pillet’s Feynman—Kac formula, Tchermentchansev [27,
28] showed that position moments exhibit diffusive scaling, up to logarithmic corrections
for any bounded potential u(x) in (1.3):

1
(Int)v-

s
12

S lelsE(Iw,(x)lz) < t2(nt)™, t— oo. (1.12)
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The case u(x) = 0 (or equivalently, p = (1, ..., 1)) was considered in the previous
work [17], where (1.12) was shown to hold for s = 2 with v_ = v, = 0. Moreover,
the central limit theorem (1.8) and the asymptotic behavior (1.11) were also obtained in
[17]. The proof in [17] was revisited in [20] to obtain diffusive scaling for all position
moments of the mean wave amplitude. The models studied in [17] are special cases of
those considered here.

For a certain class of random potentials u (x), including the case of an i.i.d. potential,
diffusive scaling and the central limit theorem were proved in [25]. Moreover, if Hy +
u exhibits Anderson localization, then O(A%) asymptotics (1.4) were proved for the
diffusion constant. The arguments in [25] do not require strict independence of the
static potential at different sites. However, the Equivalence of Twisted Shifts assumption
taken in [25] excludes p-periodic background potentials, as well as almost-periodic
background potentials. The periodic case falls in an intermediate regime between the
period-free case and the i.i.d. case. This is a key motivation for us to revisit the proofs in
[17] and [25] and develop the current approach to the p-periodic case, for both diffusive
scaling and limiting behavior.

In [13], Frohlich and the first author used the techniques of [25] to study diffusion
for a lattice particle governed by a Lindblad equation describing jumps in momentum
driven by interaction with a heat bath. In some sense, this is the quantum analogue of the
classical dynamics of a disordered oscillator system perturbed by noise in the form of a
momentum jump process, considered in [3,4] and reviewed in [5]. A key feature of the
noise in [3,4] is that energy is conserved in the system with noise; this is necessary so that
one can speak about heat flux. By contrast, in the present work, and in [13,17,20,25],
energy conservation is broken by the noise. Indeed the only conserved quantity for the
evolution we consider is quantum probability; and it is this quantity which is subject
to diffusive transport. (In comparing the present work with results on Markovian limit
master equations as in [3,4,13], it is useful to note that in the formal derivation of
quantum or classical master equations one obtains the square of the coupling to the
heat bath multiplying the Lindbladian or stochastic term. Thus it is the square of the
coupling A2 which should be compared with the coupling constants in [3,4,13] and the
scaling D(A) ~ Do ~2 seen here is consistent with the inverse linear scaling seen in
those works.)

That diffusive transport emerges from (1.3) very much depends on the fact that it
is a lattice, or tight-binding, equation. A time-dependent potential coupled with the
unbounded kinetic energy present in continuum models can lead to stochastic accelera-
tion resulting in super-diffusive, or even super-ballistic, transport. Stochastic acceleration
has been well studied in the context of classical systems, see for example [1,24,26]. For
quantum systems in the continuum, transport has been studied in the context of Gaussian
white-noise potentials [11,12,15,16], for which the super-ballistic transport (x2) ~ ¢3
has been proved.

There are also parallel works on diffusion for the continuum Schrédinger equation
with Markovian forcing and periodic boundary conditions in space, e.g., [10]. One
physical interpretation of this continuous model is as a rigid rotator coupled to a classical
heat bath. In [10], the H* norm of the wave function is shown to behave as /4. It is
interesting to point out that, as in the present work, the existence of a spectral gap for
the Markov generator is essential both for their analysis and the results. In many models
with Markovian forcing, the potential V (x, t) is quite rough. However, Bourgain studied
the case where V (x, t) is analytic/smooth in x and quasi-periodic/smooth in ¢. In [6], he
showed that energy may grow logarithmically. We refer readers to, e.g., [8,21,29], for
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more work on Sobolev norm growth and controllability of Schrédinger equations with
time-dependent potentials.

The proof we present here is a generalization of that in [17]. Some of the arguments
are essentially standard fare and parallel the work of [17] closely. However, there are
three places in the proof where some substantially new arguments were needed. First,
the Fourier analysis (see Sect. 3.2) in our work is more subtle and requires careful con-
sideration due to the periodic potential. The extension developed here is of independent
interest and may benefit the future study of the limit-periodic and quasi-periodic cases.
Secondly, the spectral gap Lemma 4.8 and the proof of the main results in Sect.5 are
technically more involved in the current work. The interaction between the periodic part
and the hopping terms complicates the block decomposition on the augmented space.
Finally, in the present proof, the analysis of the asymptotic behavior of the diffusion
constant is quite a bit more involved. In [17], (1.2) essentially follows from a formula
derived for the diffusion constant in the midst of the proof of diffusion. Unfortunately,
Theorem 1.2 in the p-period case does not have such a simple proof and is obtained
by a new approach. The proof is based on an interesting observation linking the ballis-
tic motion of the unperturbed part to the diffusive scaling. This observation is part of
the motivation behind our conjecture below on the more general situations, linking the
transport exponent to the limiting behavior of the diffusion constant.

In light of the present work, it is natural to ask what can be said about Eq. (1.3) with
u a general ergodic/deterministic potential. In particular,

(1) Under which hypotheses on # do we have diffusive propagation over long time scales?
(2) When diffusion holds, what is the limiting behavior of the diffusion constant with
respect to the disorder coupling constant?

Based on the limiting behavior of the diffusion constant in the periodic case and in the
i.i.d case, it is natural to make the following

Conjecture 1.3. For the “flip process” vy (w(¢)) with any disorder strength A > 0, and
for any bounded potential u(x) on 7 74 in (1.6), there exist positive, and finite, upper and
lower diffusion constants, D(1), D(X) € (0, 0o) such that

1 1 —
D@y =liminf — 37 [xPE (19 (0l) < limsup— Y~ e E (v (0)”) =: D).
xezd e xezZ4

(1.13)

Suppose A + U exhibits ballistic motion, then D(A), D(L) ~ O(L~2) for A ~ 0.
Suppose A + U exhibits dynamical localization, then D(A), D(X) ~ O(1?) for » ~ 0.

Remark 1.4. (1) We state the conjecture for the “flip process”, similar conjectures can
be made for the general equations which will be introduced in Sect.2. (2) More gen-
erally, if the unperturbed equation has transport exponent p € [0, 2], then we expect
D), D(A) ~ O(A>72°). (3) Here, we also want to bring reader’s attention to the recent
work [19], though not directly relevant to our current paper, on the ballistic transport for
the Schrodinger operator with limit-periodic or quasi-periodic potential in dimension
two.

If the unperturbed part is given by the almost Mathieu operators with parameters
g € R,0,a € [0, 1], we have the following AMO-Markovian equation on 02(2):

10,9, (x) = Y (x + 1) + ¢ (x — 1) +2g cos 2 (0 + xa) ¥y (x) + Av(@y (1)) P (x).
(1.14)
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Conjecture 1.5. For almost every 0, o € [0, 1], the AMO-Markovian equation has a
diffusion constant D(g, 1) € (0, co) which is a smooth function for all (g, 1) € R x R*.
Moreover, D(g, A) ~ O(A2) forall |g| > 1 and D(g, 1) ~ O(A~2) forall |g| < I.

2. General Assumptions and the Main Result

We study a more general class of equations with hopping terms other than nearest
neighbor and a perturbing potential V' that is not necessarily the “flip process.” More
precisely, we shall consider Eq. (1.3) in the form

1091 (x) = Hoy (x) + u(x) ¥ (x) + AVi (0 (1)) Y1 (x) 2.1)

Here u is the real-valued, p-periodic potential as in (1.5) for some p € Zio; Hpis a
self-adjoint, short-ranged, translation invariant hopping operator with non-zero hopping
along a set of vectors that generate 74, Vi(w(t)) is a time-dependent random potential
that fluctuates according to a stationary Markov process w(¢); and A > 0 is a coupling
constant used to set the strength of the disorder. These assumptions will be made precise
below. Some assumptions are similar to those in [17,25]. They are repeated here for con-
venience. In particular, our assumptions on the probability space and Markov dynamics
remain largely unchanged.

2.1. Assumptions.

Assumption 2.1 (Probability space). Throughout, let (€2, 1) be a probability space, on
which the additive group Z¢ acts through a collection of y-measure preserving maps.
That is, for each x € Z4 there is a J-measure preserving map, 7, : Q2 — 2, where Ty is
the identity map and 7, o 7y = 7,4, foreach x, y € 74 . We refer to the maps 7, x € Z4
as “disorder translations.”

Assumption 2.2 (Markov dynamics). The space Q2 is a compact Hausdorff space, u is
a Borel measure and for each @ € €2 there is a probability measure P, on the o -algebra
generated by Borel-cylinder subsets of the path space P(2) = Q1% Furthermore,
the collection of these measures has the following properties

(1) Right continuity of paths For each « € 2, with P, probability one, every path
t — w(t) is right continuous and has initial value w (0) = «.

(2) Shift invariance in distribution For each ¢ € Q and x € 74, Pro =Py oS, 1
where Sy ({w (1) };>0) = {txw(t)};>0 is the shift t, lifted to path space P(£2).

(3) Stationary Markov property There is a filtration {F;};>¢ on the Borel o -algebra of
P(L2) such that w(¢) is F; measurable and

Py ({a)(t +8)}i>0 € 5|~7‘—s) =Py (E)

for any measurable £ C P(€2) and any s > 0.
(4) Invariance of w For any Borel measurable E C 2 and each r > 0,

fQ Pa(w(t) € E) u(da) = w(E).
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We use [E, () to denote averaging with respect to P, and E (-) to denote the combined
average f o Eq (+) u(da) over the Markov paths and the initial value of the process. Invari-
ance of w under the dynamics is equivalent to the identity E (f (v (?))) = E (f (@ (0)))
for f € L'(2). An important tool for studying Markov processes is conditioning on
the value of a process at a given time. The proper definition can be found in, e.g.
[25]. Conditioning on the value of the processes at + = 0 determines the initial value:
E (‘lw(0) = o) = Ey (). To the process {@(¢)};>0, there is associated a Markov semi-
group, obtained by averaging over the initial value conditioned on the value of the process
at later times:

Sif(@) = E(f(@0)]e@) =a).

As is well known, S; is a strongly continuous contraction semi-group on L?(2) for
1 < p < oo. The semigroup S; has a generator

1
Bf = ltlfg;(f— St f) 2.2

defined on the domain D(B) where the right hand side exists in the L?>-norm.! By
the Lumer—Phillips theorem, B is a maximally accretive operator. Note that S;1 = 1
by definition, where 1(«) = 1 for all « € Q. The invariance of u under the process

{w(t)}s>0 implies further that S,T 1 = 1. It follows that
13(9) = {f e 12(@) ‘ | frem = 0}
Q

is invariant under the semi-group S; and its adjoint SlT . We assume that B is sectorial
and strictly dissipative on L%(Q).

Assumption 2.3 (Sectoriality of B). There are b, y > 0 such that

Im (f, Bf)| < yRe(f. Bf)+b|fI’ (2.3)
forall f € D(B). Here (f, g) = f?gdy, denotes the inner product on L?(2).

Assumption 2.4 (Gap condition for B). There is T > 0 such that

2
(2.4)

1
Redf. 8 = 7 |7 [ fau

L2(Q)
for all f € D(B).

Remark 2.5. (1) Given the generator B we formally write the semigroup S; as e "5 (2)
The resolvent of the semigroup e ' is the operator valued analytic function R(z) :=
(B—27' = [Tee"Bds, which is defined and satisfies ||[R(z)|| < IRITZ\ when
Rez < 0. Sectoriality is equivalent to the existence of a analytic continuation of R(z)
to z € C\ Kp,,, with the bound [|R(z)| =< dist~!(z, Kp,,) where K ,, is the sector
{Rez > 0} N {|Imz| < b+ y |Rez|} (see [18, Theorem V.3.2]). In particular Assumption
2.3 holds (with b = 0 and y = 0) if the Markov dynamics is reversible, in which case
B is self-adjoint. (3) The gap assumption implies that the restriction of B to L%(Q) is

. . 1t
strictly accretive, and thus that H St L2 H < e’T,

1 Note Eq.(2.2) defines a generator with positive real part; while, it is common in probability theory to
define a generator with negative real part.
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Assumption 2.6 (Translation covariance, boundedness and non-degeneracy of the
potential). The potentials V (w) appearing in the Schrodinger equation (2.1) are given
by Vi (w) = v(tyw) where v € L°°(2). We assume that ||v| s = 1, fQ v(w)u(dw) =0,
and v is non-degenerate in the sense that there is x > 0 such that

|5 0@ = v

ey Z X (2.5)

forall x,y € Z¢, x # y.

Remark 2.7. Since the Markov process is translation invariant, B commutes with the
translations 7y f (a) = f(ty«) of L2(2). Thus (2.5) is equivalent to

ECCOETON BE=e 2.6)

LX)

for all x € Z? x # 0. The non-degeneracy essentially amounts to requiring that
B~ (vty) are uniformly non-parallel to B! (v) for x 0. In particular, the condition is
trivially satisfied if for example if the processes v(tyw(¢)) and v(w(?)) are independent
for x # 0, as in the “flip process”.

Assumption 2.8 (Translation invariance and non-degeneracy of the hopping terms).
The hopping operator, Hy, on ¢>(Z¢) is defined by

Hoyr(x) = Zh(x =5V (). (2.7)
E#x

Additionally, the hopping kernel / : Z% \ {0} — C is
(1) Self-adjoint:

h(=§) = h(§);
(2) Short range:
3 EPIRE)] < oo (2.8)
£€Z7\(0)
(3) Non-degenerate:
spany, (supph) = Z4, (2.9)

where supph = {S eZ%: h() £ 0}

Remark 2.9. (1) It follows from (1) and (2) that iz\(k) =), e_ik"‘h(x) is a real-valued
C? function on the torus [0, 271)"/.\In particular, Hy is a bounded self-adjoint operator
with ||H0||£2(Zd)_)82(zd) = maxg |I’l(k)| and

oo 18 oo, 7" lloo < > (14 [EPIAE)] < oo. (2.10)

£€Z\{0)

(2) It is natural to assume that supp i can generate the entire Z¢ lattice, otherwise the
system can always be reduced a direct sum of systems over several sub-lattices.
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Below we will need the following simple consequence of the non-degeneracy of 4:

Proposition 2.10. For each non-zero k € R4,

> k-&PRE) > 0. (2.11)

Eezd

Proof. Suppose on the contrary that deZd Ik - £]?|h(&)|> = 0 for some k # 0. It
follows that k - £ = O for all £ € supp A, violating the non-degeneracy of /. O

2.2. General result. The main result is the following

Theorem 2.11 (Central limit theorem). For any periodic potential u and A > 0, there
is a positive definite d x d matrix D = D(A, u) such that for any bounded continuous
function f : R? — R and any normalized Yy € £*(Z¢) we have

d
i ~ 2\ _ L 2 —l<r,D’lr>
tggx§f<ﬁ)ﬁ(|wt(x>| )— /Rdf(”<zn) ez de,  (2.12)

where Y (x) is the solution to Eq. (2.1). If furthermore ZX (1+|x |2) [0 (x)I2 < 00, then
diffusive scaling Eq. (1.7) holds with the diffusion constant

1
DG = Jim = 3" P E Iy (x)?) = DG, (2.13)

xeZd

Moreover, Eq.(2.12) extends to quadratically bounded continuous f with sup, (1 +
)7 f @)l < oo
Assume further that

2 [

. 2
lim — [ &% fo.Kax, e*‘f<”0+U>50>‘ dt >0, j=1....d, (2.14)

xeZd

then there is a positive definite d x d matrix D° such that

D) = 712 (D° +0(l)> and D(A) = trD()) = % (trDO +0(l)> as & — 0.
(2.15)

Remark 2.12. (1) In the case with the short range hopping Hp and periodic U, the strong
limit of all the j-th velocity operators lim, =1 X j (¥;) always exist, which implies the
existence of the limit in (2.14). We say Hy + U has ballistic motion if the limit in (2.14)
is positive. (2) §p in (2.14) can be replaced by any 19 with compact support. (3) There
always exists a semi-positive definite d x d matrix D such that (2.15) holds regardless
of (2.14). If (2.14) is true for j € S with S C {1, 2, ..., d}, then the restriction of D°
on § x § is positive definite, and we still have D(}) ~ A2 since tr DO > 0.
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3. Augmented Space Analysis

3.1. The Markov semigroup on augmented spaces and the Pillet—Feynman—Kac formula.
As in the works [17,25], our analysis of the Schrodinger equation Eq.(2.1) is based on
a formula of Pillet [23] for E(p;), where p;(x, ¥) = ¥ (x)¥;(y) is the density matrix
corresponding to a solution ¥, to Eq.(2.1). Pillet’s formula relates E(p;) to matrix
elements of a contraction semi-group on the “augmented space”

H = L*(Q; HS(ZYY), (3.1)

where H.S(Z%) denotes the Hilbert-Schmidt ideal in the bounded operators on 02(7%.

The term “augmented space” refers to a space of functions obtained by “augmenting”
functions defined on X = Z% or X = Z? x Z? by allowing dependence on the disorder
w € 2. More specifically, it refers to spaces of the form

Definition 3.1 (Definition 3.1 of [25]). Let (B(X), || - llx)) be a Banach space of
functions on X whose norm satisfies
(H)Ifg € B(X)and 0 < |f(x)] < |g(x)| for every x € X, then f € B(X) and

I FlBx) < lglBx)-
(2) Forevery x € X, the evaluation x — f(x) is a continuous linear functional on B(X).

For p > 1, the augmented space B” (X x 2) is the set of maps F : X x Q@ — C such
that x — [|F(x, )llzr() € B(X).

A general theory of such spaces is developed in [25]. In particular, it is shown there
that B (X x ) is a Banach space under the norm

1
<f |F(x,w>|Pu(dw)>p
Q

1
with | Fllgr(x xq) < (fQ NEC, w)|? M(dx))F [25,Prop. 3.1]. It follows that L” (2; B) C
BP (X x ), although in general equality may not hold. For B(X) = ¢7(X) and
1 < g < oo, we denote B7(X) by £7°9(X). Then, for 1 < p < oo,

’

B(X)

1 FllBrxxq) ==

PP (X x Q) = LP(Q; 6P (X)) = LP(X x Q),
where we take the product measure Counting Measure x p on X x 2 [25, Prop 3.2]. In
particular, £%2(X x Q) is a Hilbert space with inner product
(F, G) = Z / F(x,»)G(x, o)u(dw).
xeX £
Another space that will play an important role below is £°%1 (X x ) which is the space

of maps with

I F oot := sup/ |F(x,w)| n(dw) < oo.
Q

xeX

Returning now to H = L2(Q2; HS(Z4)), we note that we may think of an element
F € 'H as a C-valued map on

M:=7x7xQ, (3.2)
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via the identification
F(x,y, o) = (8, F(w)dy). 3.3)
It follows from [25, Prop. 3.2] that
H = 0527¢ x 7% x Q) = L*(M),

provided M is given the product measure m = (counting measure on Z¢ x Z4 ) X [
We define operators C, U and V that lift the commutators with Hy, U and V,, to H:

KF(») := [Ho, F(w)], UF(»):= [U, F(®)],
and VF(w) = [V,, F(w)]. (3.4)
The following proposition follows immediately from Eq. (3.4).

Proposition 3.2. The operators K, U and V are self-adjoint, bounded and are given by
the following explicit expressions

]CF(.X, yﬂw) = Zh@f) [F(-x _E’ y’w) - F(xﬂy _S,w)], (35)
§#0
UF(x,y, o) =[u(x) —u()] F(x,y, o) (3.6)
and
VF(x,y, o) = [v(txa)) — v(rya))] F(x,y,w), (3.7)

forany F € L>(M).

The final ingredient for Pillet’s formula is the lift of the Markov generator B to
L?(M). Throughout, we will use e *Z to denote the Markov semigroup lifted to the
augmented space B” (X x €2), with B the corresponding generator. This semigroup is
defined by

e "BF(x,a) = Eq (F(x,w(0) o) =a). (3.8)
In particular, given ¢ € B(X) and f € L”(2) we have

e PR H=9xe 'l

where ¢ ® f denotes the function

(@ ® fHx, w) :=¢x) f(w).
Proposition 3.3 (Prop. 3.3 of [25]). The semigroup e 2 is contractive and positivity
preserving on BP (X x Q) and B is sectorial on L*(X x ), with the same constants b
and y as appear in Assumption 2.3.

Pillet’s formula expresses the average of the time dependent dynamics (1.6) in terms
of the semi-group on L?(M) generated by £ = iK + il +irV + B.
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Lemma 3.4 (Pillet’s formula [23]). Let
L:=iK+ild+ilV + B 3.9)

on the domain D(B) C L*(M). Then L is maximally accretive and sectorial and if

ot = Y (Y, -) is the density matrix corresponding to a solution ; to Eq.(2.1) with
Vo € £2(ZY), then
E (pilo(t) = o) = [e (po @ D](@), (3.10)

where 1(a) = 1 for all a. Consequently, we have

E (p) = fg [ (o0 x D] @)1a(do). 3.11)

Furthermore, for a solution y; to Eq. (2.1), we have

E(ri@#) = (60801 " “ (edol), . (12
In particular, we have
E(or(x, ) = (5: @8 ®1,e 09 ® 1>H . (3.13)

Remark 3.5. Here and below we will use tensor product notation for elements of £2(Z% x
),

(¢ @ Yl(x,y) = ¢(X)¥(y).
Thus a rank one operator V¥ (¢, -) € HS(Z?) corresponds to ¥ @ ¢.

For the derivation of this result, we refer the reader to [25, Lemmas. 3.5 and 3.6].
In [25], the term U is different, stemming as it does there from the background static
random potential. However, an essentially identical proof works in the present context.

3.2. Vector valued Fourier analysis. For each & € 74, we define the (simultaneous
position and disorder) shift operator

SeW(x,y, ) = U(x — &,y — &, ) (3.14)
for any function W defined on Z¢ x Z% x Q.

Proposition 3.6. The map & — Sg is a unitary representation of the additive group 74
on the Hilbert space H, and for every & € 74

[Se. K] = [Se, V] = [Se. B] = 0.

The potential term / only commutes with a subgroup of translations Sg, correspond-
ing to translation over a period of the potential. For & € Z¢ let

poé = (pié1,..., paka) (3.15)

and
pZl = {pok: &£ €Z%. (3.16)

Then
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Proposition 3.7. For every & € 7%, [Spoz, U] = 0.

Because of Propositions 3.6, 3.7, a suitable Floquet transform will give a fibre decom-
position of the various operators /C, U, V and B. Let Td = [0, 271)d denote the torus,

M = deQ,

andletZy = Zp, x - - - X Zp, denote the fundamental cell of the periodicity group on 74,
Note that £2(Zp) = C®P := CP!' ® - - - ® CP?. Using this identification, let 7, : C®P —
C be the coordinate evaluation map associated to a point o = (o1, ..., 04) € Zyp. For
f.g € L2(M; C®P), we use the natural inner product on L2(M; C®P)

(f. & r2tcomy = Y (To fr To8) 2iH:0) - (3.17)

o€ZLp

Given ¥ € L%/I\\/[) and k € T9, the Floguet transform of W € L*>(M) at k is defined
to be a map Wi : M — C®P as follows:

o Uk (x, @) = Y e KPED g w(x, 0, w)
te7d

= Z e kY (x —n, —n, ), (3.18)

nepZi+o

for each o € Zy. Initially we define this Floquet transform on the augmented space

whm) = {F:M—)C

supZ/|F(x+y,y,a))|u(dw) < oo}. (3.19)

The basic results of Fourier analysis are naturally extended to this Floquet transform. In
particular, if F € WY (M), then Fi € £°°1(M) for each k and k > Fy is continuous.
Furthermore, Plancherel’s Theorem,

2 0
1F 120 = /T Bl g (@),

holds for F € W' (M) N L?(M), where v denotes normalized Lebesgue measure on
the torus T¢. Thus, the Floquet transform extends naturally to L?(M). Throughout the
rest of the paper, we assume that the Floquet transform is properly defined on L>(M).
For more details of this extension in a similar context, we refer readers to Section 3 in
[25].

One may easily compute

7o KW, @) = Y hE®) [0 Bilx = 6, 0) — e ™6, Bl — &, 7o) |
E#£0

o U (x, 0) = WU(x — 0) — u(—0)) Ty Vi (x, w);

Ty (V/\I7)k(x, w) = V(1) — V() 7o Vi (X, ®);

o (BW)y(x, 0) = By Wi (x, w),
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where on the right hand side, B acts on lI'k asin Eq. (3.8). With the above computations
in mind, let ICk, U, and V denote the following operators on functions ¢ : M — C®P:

7o (i 9) (r.0) = Y h®) [1ad(r — £, 0) = oo (x 8. 7c0) |5 3.20)

£#0
o UP)(x, 0) = (U(x — 0) — u(—0)) Tp (x, ®); (3.21)
and
Vo) (x, w) = (v(ty0) — v(W)) P(x, ®). (3.22)

We now present three lemmas (Lemmas 3.8-3.12), which describe the basic proper-
ties of the operators [k, U, and V. These results are the adaptation to the present context
of Lemmas 3.13-3.15 of [25], with the main difference being that here we consider the
vector valued space L? (M C®P) instead of L2 (M C). We omit the details of the proofs
here.

Lemma 3.8. Let M = 79 x Q, l/C\k, U and YV be given as above, then

(1) ICk, Z/I and V are bounded on €1 (M; C®P).
2) le, U and V are bounded and self-adjoint on L2(M C®P) with the following
bounds:

H’Ek HLZ(ZVI;(C@P) = 2”%\”00’ “a”LZ(ﬁ;(C@P) < 2lulleo, ||T;||L2(A7I;(C®p) <2

B IfY e L2(M; C) and let @k be given as in (3.18), then

A~ o~

KWy = Kbk, U =UB and VW) = VU
for v-almost every k € T

Because the Markov process has a distribution invariant under the shifts, the Markov
semigroup commutes with Floquet transform:

Lemma 3.9 (Lemma 3.14, [25]). Let the Markov semigroup e~'B be defined as in
Eq. (3.8). Then,

o —

[eftB\I’]k = e*’B@k
for W e L>(M) and v-almost every k € T¢.

Lemma 3.10. Let ICk be given as in (3.20) with h that satisfies (2.8). Then the map
k — le is C% on T4, considered either as a map into the bounded operators on
£5% 1(M C®P) or as a map into the bounded operators on LZ(M C®p),

Moreover, we have the explicit expression for the derivatives for any ¢ (x,w) €
L2(M;C®) keTland1 <i,j<d:

o0, Kkp(r, 0) =1 Y & hE) e omy cp(x — £, rew), (323
§#0

7o 0k O Kip (r, 0) = D & €5 h(E) e ™o, cp(x — &, ). (324)
£#0
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with bounds
o, K| < 1A' Moo [0k 0k Kic|| < 17 lloo (3.25)

where || ||oo, |7 |loo are bounded in (2.10).
— —
In particular, let 1 € C®P be the vector withmy 1 =1 forallo € Zyp. Then

,Kodo® T®L=1Y &hE)so 1 oL, (3.26)
£#0

9,0, Kodo® T ®1=) &&hE) %0 T 1L (327)
§#40

Remark 3.11. Throughout the rest of the paper, we will frequently use the notation
—

1, € C? for any g € Z- to indicate the constant vector in C? with all entries 1 and
write _1) = _1)®p for simplicity.

Putting these results together we obtain
Lemma 3.12. For each k € T¢, let
Lx =Kk +ill +i2V + B (3.28)
on the domain D(B) C Lz(]l//?; C®P). Then Zk is maximally accretive on Lz(ll//;; C®p),
Furthermore

(1) Fort >0, ke 1Ly jg
(a) a C? map from T into the contractions on L2(M (C®P) and
(b) a C* map Sfrom T into the bounded operators on £°% \(M: Cep),
(2) The operators {Lk}ke'ﬂ‘d are uniformly sectorial; that is for every k € T% and every
f e LA2(M; C®P)

Im(f. Zf)] < yRe(f. Luf)+b IIf1I% (3.29)

where y, b are given as in (2.3) and b’ = 2b + 2||’I;||OO +2 |ltt]| oo + 2.
(3) If ¥ € WH(M), then
e Lk = [e=CW], (3.30)
foreveryk € T?. For W € L?>(M), Eq. (3.30) holds for v-almost every k.

Combining (3.30) with Pillet’s formula (Lemma 3.4), we obtain the following Floquet
transformed Pillet formula in vector form:

Lemma 3.13 (Floquet transformed Pillet formula). Let ¥y € 0274 and define
Po:k(x) € C®P for x € Z¢, k € T? as
Topok(x) == Y e EMyg(x — n)Yo(—n), o € Zy. (3.31)

nepZd+o

Then
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> R (vitx = )
yezd

_ <ax ® 1T ®1, e 5y ® n)) (3.32)

L2(M;C®p)’

where Y, is the solution to Eq.(2.1) with initial condition y. Here e_tEk (Poxk®1) €
2% (M; C®P) for each k and is in L*(M; C®P) for v-almost every k.
In particular, for every k € T¢,

SR (1w @F) = (e T @1, e b (mxe 1))

xezd

. 3.33
L2(M;C®P) ( )

Proof. Let \Ij(xv Y w):(e_tﬁ(p0® ]]_))()C, Vs a)): (8x®8y» e_tﬁ(p()@l(w)))I}(dezd)'
Pillet’s formula (3.12) can be rewritten as

By = [ (E0n @ D) (.0 ndo)

= (s @8,8 1 Lo ® 1) =E (% 0%0).

L2(Z4 x 79 x Q)

We note that pg ® 1 € W! (M) and that e L is a bounded operator on WH(M) (see
[25, Lemma 3.9]). Thus ¥ € W!(M) and its Floquet transform

7o VK (x, w) = Z e KNP (x —n, —n, T,0).
nepZi+o

is continuous in k. Direct computation shows that

/ e B (x, ) v(dk) = W(x =y, =Y, Ty0)Spzao (7).
T
Thus, by the Fourier-inversion formula,
Z e RYW(x — y, —y, Tyw) = 1, Vi (x, W),
yepZi+o
and

Yo e MEWE -y, -y, ) = 1R (Uk(r, ) = (8 ® 1, 70 U)o e

yepZd+o

for every k € T¢.
On the other hand, by (3.30), for ® = pp ® 1, we have

—

@k = (e_tﬁq))k = bk 51(,
where

To®k =75 (p0 ® Di(x.0) = Y e Fyp(x — o (—m) @ 1.

nepZi+o
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Clearly, 51( = po:k ® 1, by the definition (3.31) of pp.k. Putting everything together,
we have
—ik-y NI —tLy ~
> B (e - nn) = (b e L m e R ),
yepZi+o
Finally, summing over o in the periodicity cell Zp, we find that

—ik-y _ —_ _ e —tEk -~
% e E (1//t(x MY ( y)) = <5X ®1®le POk @ ]1>L2(ﬁ;(C®P) .
ye

4. Spectral Analysis on the Augmented Space

4.1. Spectral analysis of 750. The spectral analysis of Zk plays an important role in
studying the diffusive scaling of this model. We begin by showing that 0 is an eigenvalue
of Ko. This observation allows us to write down a block decomposition and to find a
spectral gap for Lo in the two sections that follow.

The key observation regarding /Cy is the following:

Lemma 4.1. Let x € 79 and W € C®P. Then

Kody @ W ®@L= Y ht)s—: ®@(1—AHW @1, (4.1)
£7£0

where A = ®7:1(A1,_/)S/' with A, the p x p right shift matrix,

01 0 - 0
00 1 -0

Ap=1: o ] 4.2)
00 0 1
10 0 0

Proof. This follows from direct computation:

e Ko(r @ W R 1) = ) h(E)[Tobe s ® W @ 1 — 7o 58, ¢ @ W @ 1]

£#0

=Y hE)8r ¢ @75 — 710 ® 1
£#£0

=Y h(E) b @7 (I — AW @ 1.
£#£0

h.l;l“o proceed we need to consider the matrices Af,. We begin with A, the p x p right
shift.

Lemmad4.2. Let m € Z, p € Z~o. The matrix A’;} = (Ap)™ has distinct

eigenvalues,

_pr
ged(m, p)

2riln p

e, £=0,1,..., —— — 1, (4.3)
ged(m, p)

each of multiplicity gcd(m, p).
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Proof. Since Aﬁ = 1, it suffices to restrict our attention to 0 < m < p. The eigenvalues
of A, are all p-th roots of unity

A=, 0=0,1,...,p—1,

and each eigenvalue has multiplicity one. The corresponding eigenvectors are the ele-
ments of the discrete Fourier basis. For 1 < m < p, it follows from the spectral mapping
theorem that A’I’} has eigenvalues AZ’ for¢ =0,1,..., p— 1. From here, it is easy to

m

verify that A}’ = A}, whenever [¢ — V| = for some integer n. Finally, since

np
ged(m, p)
|€ — ¢'| < p, it follows that there are m distinct eigenvalues each of multiplicity
ged(m, p). m

This result has an immediate extension to .Ajp, the tensor product of right shift oper-
ators.

Corollary 4.3. If p = (p1,..., pa) € Z‘io andm = (my,...my) € 79, then Ag‘ =
®7:1 A’;jj has eigenvalues

Cim;

2ri-i—L .
[T 7 ¢=01,....— 2L 1. (4.4)

i1 " ged(mj, pj)

In particular, if (e j)’;:] is the standard basis on 74, then
e; —>
Ker(I — AS) =CP' @+~ @ {1 ,,} ®-- @ C. (4.5)

Note that, by Eq. (4.5),

d
m Ker(I — .Af,j) = span{_l)}.

j=1
The following lemma extends this result to a collection Ag‘j ,Jj =1,...,k, where the
vectors my, ..., my generate 74,
Lemmadd. Letmy, ..., my € Z¢ ny, ..., ng € Z, and M = nymy + - - - + nymy for

some k > 1. Then, we have

k
() Ker( — Ay”) € Ker(I — AM). (4.6)
Jj=1
In particular, if my, ..., my generate 74 then
k ‘ d ‘ N
[\ Ker(Z — Ay”) = (| Ker(I — Ay') = span{ I }. 4.7

j=1 j=1
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Proof. Suppose w € ﬂl;zl Ker(I — Aglj), then foreach j = 1,2, ...k,
w=Apw=(A4)" w= A
Repeated application of (4.8) yields

/ml

(4.8)

w = A;‘ml = A;km"w = Ag/lw.

Thus, w € Ker(I — Ag’l).

If my, ..., m; generate 74, then (4.6) implies the first equality in (4.7). The second
equality follows from Corollary 4.3 since

QU

ﬂ Ker(/ —Ap = ﬂ (C”‘ T i ®--~®(Cl’d) = span{T}.

Jj=1 Jj=1

We return now to consideration of Ko. The non-degenerate support condition (2.9)
guarantees that the hopping kernel, 4, is non-zero on a spanning set, {§;} ey, of 74,

Combining this fact with Lemma 4.4, we can see that (/ — Ay g)l_l)) = 0 for all £ with
h(€) # 0 if and only if il _1) In particular, Lemma 4.1 leads to the following

Corollary 4.5. Let x € Z¢ and W € C®P. Then Ko(6x ® W ® 1) = 0 if and only if
— =
w I 1. Moreover, there is co > 0 such that for wLT,

|Ro @ B D = o |7 4.9)

Proof. By Lemma 4.1, we have

IRa: 0 0 0 = Sineof o - 2,053

The right hand side is a quadratic form Q(w) on the finite dimensional space C®P.
—
Furthermore, by Lemma 4.1, Q(w) vanishes only if w || 1. The lower bound (4.9)
—
follows. In fact, by Lemma 4.2 the smallest eigenvalue of Q(w) on { 1 }* is

2

co = min X:|h($)|2 1 —exp —27112:2 i85

LeZp\0 iz pj
Thus ¢y # 0 and Eq. (4.9) holds. O
4.2. Block decomposition of 20. In the previous section, we showed that 59 ® _1> ®1
is an eigenvector of Ko corresponding to the eigenvalue 0. Using (3.21) and (3.22), it

is easy to check that this claim also holds for ¢/ and V. Finally, the Markov generator
satisfies B1 = B1 = 0. Therefore,

Lose® T®L=L16® T ®1=0. (4.10)
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To further analyze the spectrum of Ly we will use a block decomposmon associated
to the following direct sum decomposition of LZ(M C®P) = (2(79)Q C®P Q L2(Q):

7 @CP R LX(Q) = Ho® Hi & Ha ® Hs, @.11)
where
Ho = span{§y ® T ® 1},
~ -
Hi=60{1}®1,
Hyi= (807 @CP @1 = 2Z\0)®CP o1,
and

7:Z3 = (’I:Zo &b 'le ® ﬁz)l = {‘-Il(x, w) : / U (x, w)du(w) = 0} .
Q

Note that dimﬁo =1, dimﬁl =pi...pa—1,and dimﬁz = dimﬁ3 =00
We will write operators on L% (M; C®P) as 4 x 4 matrices of operators acting between
the various spaces H;, j = 0, 1, 2, 3. Throughout we will use the notation:

(1) P; = the orthogonal projection onto 7"2.,',
2) P=1-P

In particular, P = P3l = Py+ P; + P, is the orthogonal projection of LZ(A//? ; C®P) onto
the space Ho & H1 & Hy = Zz(Zd) ® C®P ® 1 of “non-random” functions:

PY(x) = f Y (x, w)du(w).
Q

Then P; = P =1 — P is the projection onto the space of mean zero functions H;.

Lemma 4.6. On 7/'2() ® 7/'21 @ 'ﬁz ® ﬁg the operators I/C\o, Zj, )7, and B have following
block decomposition

0 0 0 0 00 0 0

I’e o 0 Q P]/,C\()Pz 0 Zj— 0 0 9 0

"= o PKCoP P.KoP 0 AT oo PP, 0 |
0 0 0 P3Ko P3 0 0 0 P3UPs
00 0 0 000 0

~ oo o 0 000 0

V=100 o por| “B=lo 00 o
0 0 PVP PVP 0 0 0 P3BPs

Proof. The eigenvalue equation (4.10) gives
P07 =T Py=0

for 7 = ICo Z/l V B, Eo From the definition (3.20) of IC() we see that this operator is
“off-diagonal” with respect to position, in the sense that <8 ® F, Kody ® G) = 0 for

any x andany F, G € L?(€2; CP). Thus P, IC0P1 = 0. The definitions (3.21), (3.22) of
U,V imply that they vanish on §o ® F, so

PU=PV=0 UP =VP =0.
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Since I/C\o, U are “non-random”, we have for j =0, 1, 2,
PjKoP; =0, P3KgP; =0, P;UP;=0, PUP; =0.
Since V is mean zero on L?*(Q) and B1 = B'1 = 0, we have
P{VPH =0, PB=BP=0.

Corollary 4.7. On H the operator Eo = iI/C\O +ild +iY + B has block decomposition

0 0 0 0
~ |0 0 iP1KCo P> 0
Lo=10 iPKeP PriKo+ilhPr i2PDPy (4.12)
0 0 IAP3V P P3LyP;

4.3. Spectral gap. With the block decomposition (4.12), we are now in a position to
prove that Lg has a spectral gap.

Lemma 4.8. If A > 0, then 0 is a non-degenerate eigenvalue of Eo and thereis g > 0
such that R
o(Ly) = {0} U X,

with £, C {z : Rez > g}. For A small, there is ¢ = c(p, ||;z\||oo, lulloos ¥, T, b) > 0
such that g > cA2,

Before proceeding to the proof of the lemma, we note that the sectoriality of B places
further restrictions on X.. Indeed, ReEo = ReB > 0 in the sense of quadratic forms.
Thus, by the sectoriality of B,

[Im(®@, Lo®)| < |Ko+U+ V| +[Im(®, BD)|
< 2fAllco + 2[luflo + 24 + yRe(®, Ly ®),

if || ®|| = 1. It follows that the numerical range Num(zo) = {(CD 20d>> | |®| = l} is
contained in

N, = {z : Rez > 0and |Imz| < 2[|Aloo + 2llullso + 21 + yRez}. 4.13)

Since o (Ly) C Num(Lp), we find that £, C {Rez > g} N No— see e Fig. 1.
To prove Lemma 4.8, it suffices to show that the restriction of Eo to HO =H; &

Hy @ Hs,

0 inkeR 0
J = |iPKg P Pr(iKy t\iU)Pz ikP;\VP_g , 4.14)
0 NP3V P P3LyPs

has spectrum contained in {Rez > g}.

Lemma 4.9. There is g > 0, such that whenever Rez < g,

(1) I's — z is boundedly invertible on ﬁg,Awhere I'; = P320 Ps,
(2) T2(2) — z is boundedly invertible on Hy, where

Th(z) = P (1/c0 +ill+ 22D (M — 2)! ) P,. (4.15)
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Fig. 1. Spectral gap of 20

(3) J — z is boundedly invertible on ﬁé‘

In particular, J is boundedly invertible. Let I3 be the projection onto Ker(Py Eo) - ﬁz.
If TIh¢p # O for some ¢ € Hy, then P2J71¢> # 0 and

Re (3. PoT~'3) = gllPoT 31 = 0. (4.16)

Proof. We obtain this result by repeated applications of the Schur complement formula.
As observed above, we may restrict attention to the sectorial domain z € N,. Fix z € N,
and consider the equation

s -z iPllfc\Q\Pz OA e E
(T=2| ¢ | = |iPR2KoP1 P2(iKo+ilh)Pr—z iAP2VP3 ol =191
@ 0 iLP3V P> PiLoP; —z) \@ )

R R o R PR 4.17)
for (¢, ¢, ®) € H1 & Hor @ H3 given (¢, ¢, D) € Hi ® Hr ® Hs. By the gap condition
(2.4)on B,

-~ ~ ~ ~ 1
ReP3LyP3s = ReP3(iKog+ild + B+iLV)P; > 7P3.

Therefore, I's —z = P3 20 P53 — z is boundedly invertible on ﬁ3 provided Rez < % For
such z, we may solve the third equation of (4.17) to obtain

= T3—2)7'd— (-2 iAVo. (4.18)
Using the solution (4.18), we reduce the second equation of (4.17) to
[T2(z) —z] ¢ = G —iP2Kos —irPV (I3 —2)~'® (4.19)

with > (z) asin (4.15). Forg®1 € Hy = L2(Z4\{0}; C®P), notice thatp®1 = Prp®1
and I' = P,I", we have

Re{p® 1L, I'(2) 9 ® L)y,
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=Re(p®1L M@e®1)gz

H
— A2 <P3(1“3 — )" De®1, (ReB—Rez) Py(Ts—2) Vo ® 11>

1
= <<p ®1, E(Fz(z) + Fi(z))w ® Jl>

H
1 —~ 2
> 22 <? - Rez) P3N —2) Vo luﬁ (4.20)

= A2 l—Rez (Fg—z)_lf/\w@ﬂ“i
T Hs
2

H3

1 -1 —~
= A2 <7 — Rez) (B_I(F3 — z)) B_1V¢ ®1

where the inverse of B is well defined since ﬁp ®1 e ﬁ3 = RanPj3. Furthermore,
B~ is bounded on H3, with ||B’1 Ps H < T.Thus B~1(I'; — z) is bounded for z €

NN {Rez < 7} by,

HB’1P3(F3 — )P Hﬁ <1+ HB”Pg(la, ++ A\?)H + ] HB’1P3 ”

< 14+ T QAo + 210 + 22 + |2])
<24y +4T ([ hlloo + lutlloo + 1) 4.21)

Putting (4.20), (4.21) and (2.6) together, we obtain

18 2
|BVee1l|s
T

|13 - )| %
> 3 K ree(x))?

> 22 (l - Rez) 7 X#)A 5
r 2+y +4T (Rl + llullo + 1))

12x2(1 — TRez)

1
Re(p® 1, M@e@1L)g, = 22 <_ — Rez

= lp® 1%, .
-~ 2
T(2+y +4T([hlloo + lulloo + 1)) o
Let
)\'2 2
¢ = X . (4.22)
T (szz +2(24y 44T ([lloo + oo + 1) )
so that 22y >(1 — Tcy) = 2c;. Then for z € Ny N {Rez < c1}, we

T (2+y+4T (1l co+lullso+2.))
have

Rel';(z) — Rez > 2¢1 — Rez > ¢y, (4.23)

implying that I'2(z) — z is boundedly invertible. Thus, (4.19) can be solved on Hy to
obtain
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¢ = (M) =276 — (M2(2) — ) 'iPKog
—(Ma(z) —2) APV (I3 — 2) ' . (4.24)
Now, the first equation of (4.17) reduces to the following

[F1() — 2l = £ —iPiKo (N2(2) —2)'$ .
—APiKo(T2(x) —2) "' PV (T3 —9) 7' &, (4.25)

where ' (z) = Py ICO(Fz(z) —2) lelCo P1. We will use the same strategy to show that
I‘l(z) - z is invertible. Take ¢ = 8y ® Wele ’H1 Recall, by definition of H1 that

w L T . Thus, by (4.23) and Corollary 4.5,

Re (£, T1(2)¢)g,
= ((rz(z)—z)—lﬁoc, (Rel'2(2) — Rez) (N2(2) — )~ Kt ) -

c1co
G R 4.26
T ”2 IICII (4.26)

For z € M. N {Rez < %},

IT22) = 2llg = 20Aloo +2lulloo + 432 | (PsZoPs =7 +12l
3

~ 1 1\"!
4 Nlloo +4lulloo + 422 (7 - ﬁ> +21+ (y + DRez

<
- 4.27)
= 4|h]lo + 4llulloc + 8TAZ + 21 + (¥ + DT,
by (4.15) and (2.4). Putting (4.26) and (4.27) together, we obtain
Re (¢, T'(2)0) g,
c1co
> 5 16z = 2l

(417100 + 4lluelloc + 8T A2 + 24 + (y + 1)H(2T) 1)

Therefore, ReI";(z) > Rezon ’ﬁl providedz € N;andRez < min{c1, 37.C2} = &
For such z it follows that I'1(z) — z is boundedly invertible and (4.25) can be solved
on H1 Therefore, (4.17) is explicitly solvable on H = H1 ® Hz &) H3 and J — zis
boundedly invertible for all z € {z : |Rez| < g} ﬂ]\ﬁ,

To prove the second part of Lemma 4.9, it is enough to solve JV¥ = U for W =
¢, ¢, D) given U= (0, ¢, 0). The three equations are reduced to

iP1’€0P2 ¢ =0
iPKCo Py ¢ + Po(iKo +ill) Py ¢ +iAPaVP; @ =
ixP3VPy ¢ + P3LoP3 @ = 0.

The first equation implies ¢ € Ker(PllEO). Therefore, ¢ = I1¢, where I is the
projection onto the kernel of P;Ky. As derived in the general case, the second and the
third equations imply that

iP, Ko Pi¢ +Top = . (4.28)
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If £ satisfies P{Kof = O, then (&, Ko Pig) = (Pllzoé, Pit) = 0. Therefore,
[T, KCo P1¢ = 0. Applying IT; to (4.28), we have

Mo1o0Ms ¢ = Mo
Clearly, if TIo¢ # 0, then ¢ = P, = P»J'¢ # 0. Notice that (/60 Pit, @) =
(Eo Pig, The) = (HzlfC\o Pi¢, Tlx¢) = 0. Equation (4.28) also implies that
Re(g. ¢) =Re(iP2Ko Pi¢ + 126, ¢) = Re (29, ¢) = 21 191° = g lg]” > 0.
which completes the proof of (4.16). |
The spectral gap g of Ly has consequences for the dynamics of the semi-group.

~ —
Lemma 4.10. Let Q¢ = orthogonal projection onto Ho = spandp ® 1 ® 1 in
Lz(]l?; C®P). Then e_tﬁ"(l — Qo) is a contraction semi-group on Ran(1 — Qy), and

for all sufficiently small € > O there is C. > 0 such that

He*’fﬂ(l - Qo)‘ < C.e '8 (4.29)

L2(M;C®P)
Lemma 4.11. There is co > 0 such that
||£k - Lo HLZ(X/I\;(C@’) < colK|.

If |K| is sufficiently small, the spectrum of Zk consists of:

(1) A non-degenerate eigenvalue E (K) contained in So = {z : |z| < co|Kk[}.
(2) The rest of the spectrum is contained in the half plane S| = {z : Rez > g — colk|}
such that So N S| = .

Furthermore, E(K) is C* in a neighborhood of 0,
E0)=0, VE0)=0. (4.30)
Denote 3; = 9; and o = J+®T60 ® T ® 1 for simplicity where @p = p1 - p2... P4,
then
010, £0) = (3;Kog0. PoT~" 8,Ko0)+ (0iKogo. P27~ 0,K0p0)  @3D)
where Py, J and T~ are given in (4.14) and Lemma 4.9.

Remark 4.12. Let D := (Disj)dxd = (aiBjE(O))dxd. It is clear from (4.31) that D is
symmetric. Furthermore, for any k € T9, in view of the expression of 9; IEO in (3.26),

0# Y ki 8,-I/C\()<p0 e 122 ® _1> ® 1. It is non-zero due the non-degeneracy of #.
Therfore, by (4.16) in Lemma 4.9,

Re (k, DK) = 2Re <Zk13il’€0¢)o, P! Zkiaik\0¢0>
i i

2

> 2g > 0.

Py kidiKogo
i

In the next section, we will relate the matrix element of D with limits of diffusively
scaled moments. From the real valued moments, we will see that 9;0; £(0) € R and then
D is positive definite.
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Similar to Lemma 4.10, dynamical information about the semi-group e’ Lx follows
from the spectral gap of L‘k in Lemma4.11:

Lemma 4.13. If € is sufficiently small, then there is Cc < oo such that

He_tzk(l . <C e—1(g—€—colk)

(C®l’)
for all sufficiently small k.

Notice that ®p = p1 - p2--- p4. The case where d = 1 and Qp = p; = 1 is
equivalent to the free case considered in [17], where the above lemmas were proved.
The proof follows from the standard perturbation theory of analytic semi-groups—see
for instance [9, 18]. There are no essential differences in the proof when ®p > 1. We
omit the proofs for Lemmas 4.10—4.13 here. We only sketch the proofs for (4.30) and
(4.31), which plays the most important role for the explicit expression of the diffusion
constant in the next section.

Proof of (4.30) and (4.31). Write 0; = 0 ; for short. Let E (k) be the non-degenerate

eigenvalue of Ek, and the associated normalized eigenvector ¢k . Let Ok be the orthogonal
— ~ o~

projection onto k. Clearly E(0) = 0, g9 = ﬁ&) ® 1 ® 1 and Logp = ﬁ")cpo =0.

Since R
Lxox = EK)gk, (4.32)
direct computation shows
9;Li gx + Lxd ;o = 9; ER)gi + E(K)d, gk (4.33)
— ajﬁogoo + anjgoo = ajE(O)(po. 4.34)

Notice that 9 jZO =10 jI’C\O maps 7/-20 = Ran Qg to ﬁz, therefore, Q¢0 jfo =0and

3 E(0) = (¢o, 3]'20(00) + (@0, 203,'900) = (Qopo. 3]'20900) + (Ef,wo, 3j<ﬂo> =0.
Differentiating (4.33) again, we have
3i8j2k(/7k + 3J'Zk3i90k + 3i2k3j§0k + 2k3i3j§0k
= 0;0; E(K)ok + 3, E(k)0; i + 0; E(k)0 ok + E(K)9; 0 k. (4.35)
Evaluating (4.35) at k = 0 and using VE(0) = 0, we have that
9;9; Logo +3; Ladigo + 3, L0d 0 + Lodid 0 = 39 EO)po.

We also have Q¢0;0; Eo = 0 for the same reason as for Qp0; 20 Notice that 9, Zo =

i0; lCo = —0; E and 0; £0(p0 € 2(Z4\{0) ® 1 ® 1 because of (3.26). Corollary 4.5
implies 9; L‘og)o € Ker(PllCo) Ran(IT,) C Hz Therefore,

3;9; E(0) = (¢o. 3j208i¢0>+<(/)0s 31'303]‘(/)0)
=i(3j/€0§00, 3i<ﬂo)+i<3i/€0¢0, dj¢0)
i(P2aj]€0 %o, P23i¢0>+i(Pz8iE0¢o, P23¢) -
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It remains to solve
0 Lowo + Lodjpo =0

i.e.,
10; Koo + Lodjpo =0 (4.36)
for P»0; ¢g. Recall the block form of Zo in(4.12) and J in (4.14). The key fact 9, EO% =

150, IEWO € ﬁz reduces Eq.(4.36) to what we have considered in the second part of
Lemma 4.9:

0 0 0 0 * 0
0 0 iP 1Ko P, 0 | 0
0 iPKoP1 Py(iKo+ilh) Py ixPVP; | | P2djgo | ~ | —i0;Kog0
0 0 APV P, P3Lo Ps * 0

As derived in Lemma 4.9:
Pydjpo = —iPJ ! ajI/C\O‘PO,
where P; is the projection onto H,. Therefore,
90, E(0) = i<a,-/€0 00, —iPrT"! a,-;%ogoo) +i<8ﬂ€0 00, —iP2 T aji%0<p0>
= <3j’€0 90, PJ ! 31"/C\0§00) + (31'750 90, PJ! 3j/€0€00>,

which gives (4.31). O

5. Proof of the Main Results

5.1. Central limit theorem. We first prove (2.12) for bounded continuous f and nor-
malized Vo € ¢2(Z%). The extension to quadratically bounded f follows from some
standard arguments combining (2.12) for bounded continuous f and diffusive scaling
for second moments, Lemma 5.1. We refer readers to Section 4.5 in [25] for more details
about this extension. We omit the proof of the extension here.

To prove (2.12) for bounded continuous f, it suffices, by Levy’s Continuity Theorem
and a limiting argument, to prove

1—00
xezd

lim S X VE (|¢t(x)|2) — e~2(k Dk), (5.1)

where ;(x) € €2(Z%) is the solution to Equation (2.1) with initial condition vy €
Ez(Zd). As pointed out in Section 4.2, [25], it is enough to establish Equation (5.1) for
Yo € L1(Z%); it then extends to all of ¥ € £2(Z¢) by alimiting argument. So throughout
this section, we assume that

IYollz =1, and [Yollp = Z [Yo(x)| < oo. (5.2)
xezd

We also denote for simplicity

(1 0) = 8@ T ® 1, B = Br(x, @) = V&P Fow(®) ® 1, (5.3)
Yo ‘= Polx, w) = —/—=090 ’ k = PkX,w) = POk (X ’ .
NG
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where _1), 00:k(x) € C®P are defined in (3.31). Recall that for any o € Ly

1 1 =1 mepe@ = Y ol —mio(—n).

nepZi+o

By (3.33), we have

Y R (i) = <§00 e P,

xezd Vi >L2(A7;(C®P)
Letting Qk denote the Riesz projection onto the eigenvector of Lx near zero, we have

> R () = <§00 B0 L b >+<§00 e B (1 - QL) <1>L>

o ViV NG NG
_ k A
—e ’E(ﬁ><wo, QL¢'L>+<§007 e Fhyi (1 - QL) <I>L>.
NG t NG NG
5.4

By Lemma 4.13, the second term in (5.4) is exponentially small in the large ¢ limit,

‘<</)0 . e b (1 - Qk) ¢k>
Jt NG

IA

H(l — Qe P
Jr

Mool - ”fbk
Vi

k|

Cee "7 o]l - ch
NG

A

(5.5)

Direct computation shows that

2
= (®p) ”'B\O:Oniz(zd;c@p)

—00 Jr

lim ”CD K
Vi

L2(M;C®p)
2

<=@®p) Y, D | D volx—mPo=n)

o€Zp xeZd |nepZi+o
2

=@ Ivolz D | Y. IWo(=n)

o€Zp \nepZi+o

< @®p) 1Yol - 1Woll7 < oo.

—IEL
Therefore, in (5.5), |{po , € V7 (1 - Qk) by )| — Oast — oc.
N

Regarding the first term in (5.4), we have by Taylor’s formula,
k 1 ki kj 1 1 1
E\—|= = 0;0;E(0)——= + o(—-) = — 0;0; E(0)kik; + o(-),
(\/;) 2;]]()\/;\/; O(Z) ZI;]]()IJ 0([)
since E(0) = VE(0) = 0. Thus,

e tER/VD) _ o=t 3 3 00 EOkik; | o(1) = o3 Lij 0 EOkik; o). (5.6
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Direct computation shows that

- _~
(%o, CDO)Lz(/VI;(Cm) = <80 ® 1oL, po® ]l>L2(A7I;(C®p)

=D > Yo=mo(=m) = ollfa e, = 1.
0€Zp nepZi+o
Thus,
(21}
lgoll?

Q0P = Proj(poq)o = (@, Do) - = 9. 5.7

Putting together everything, we have

tlinolo Z, ei%XE <|Iﬁ;(x)|2> o zlinoloe - <%) <¢0 ’ Q2¢2>
x€Z°

— o3 X 09 EOkik; (00, QoDo) = o3 i 850 EOkik;

Therefore, (5.1) holds true with D; ; = 3,9, E (0) for any normalized v € ¢*(Z9). O

5.2. Diffusive scaling and reality of the diffusion matrix. We proceed to prove the dif-
fusive scaling (2.13) under the assumption that

D ol =1, Y x* Yo )]* < oc. (5.8)

Similar to (5.2), it is enough to establish the results for x g € ol (Zd ); it then extends
to all of xyy € £2(Z%) by a limiting argument. We assume that

>l 1Yo )] < oo. (5.9)

‘We continue to use the notation in (5.3). Also, (-, -) will stand for (-, -) L2(M:C®P) unless
otherwise specified. We also denote 9; = d,,i =1, ..., d for short.

As pointed out in Section 4.4 in [25], 3 (1 + [x|*) | (x)|* < e“" for each ¢ > 0.
Thus the second moments of the position

My = Y xixiE (1 l?) (5.10)
xezd

are well defined and finite. The main task of this section is to show that M; ;(t) ~ D; 1,
where D; ; = 9;0; E£(0) are given in (4.31). More precisely,

Lemma 5.1. Ler P, J ! be as in Lemma 4.9. Suppose the initial value  satisfies (5.8),
then foralll <i,j <d,

1 - - - -
Jim M ;) = (3;Kop0. P~ iRogo)+ (0:Kogo. PoT =" 0;Kog0) = 0,0, E(O).

As a consequence, 3;0; E(0) € Rand D = (ai BjE(O))dxd is positive definite. In par-
ticular,

d
Jim =5 P E (0 0P) =23 (5Rogo. 27" 01Rogo) = D € (0, 00).
i=l1

erd
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By (3.33), we have

My = = 9; 3 B (lnP)| = - a9, (o, e~ @)

xeZ4 k=0

k=0

5.11)

The following decomposition of M; ; is essentially contained in [25]. We sketch the
proof in Appendix 5.3 for reader’s convenience.

5
Lemma 5.2. Forall 1 <i,j <dandt € R*, M; j = ) N,, where

n=1
Ni=—(po. 0;9;P): (5.12)
szfot[aﬁwo, e 50 (1 = 00) 9, P)
+{0, L300 . < E0 (1= Qo) o) | ds: (5.13)
N3 = /Ot (010 Zygn . €50 (1= 00) y) ds: (5.14)
Ny=— /0 /0 BiLyp, e O R — 001 Ly B (1 - Qo) (5.15)
(8,290, e CE0 — Q)0 LoeE (1 - Q)®o)| ards  (5.16)
[ s _
Ns=- /0 /0 [{8:Z¢0. e C=E01 — 00)0; 20 Qoo ; (5.17)
+<a,Z{, 00, =201 — 00)8; Lo Q0<I>0>] dr ds. (5.18)

Combining the above decomposition and the contraction property of e_’EO in
Lemma 4.10, we have the following convergence of N,, which implies Lemma 5.1
immediately.

5
Lemma 5.3. Let M; j = ) N, be given as in Lemma 5.2. Then

n=1
.1
lim = [N,| =0, n=1,...,4. (5.19)
t—00 t
1 - ~ ~ -~
Jim ~Ns = (Ko go. Po7'9;K0 o) +(8;K0g0. PoT " 0Kogn).  (5.20)

Proof. Case n = 1: Note that 9;0; P9 = /®p 0; 3jﬁo;k|k:0 ® 1. Direct computation
by (3.31) shows

o 00 P0:0() = — Y minjo(x —mPo(—n). (5.21)

nepZi+o
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Therefore, by (5.12)

- -~
NI =|8e Te1, a8pe@1)| =] mnlomP| = Y nPlvomP.
neZzd nezd
Clearly, | N1]| is uniformly bounded in ¢ by (5.8), which implies tlim %|N1 | =0.
— 00
Case n = 2: By (3.31) and the same computation as in (5.21), we have 9;®g =
9 P0:k | _p ® 1 with

o 3 Pos0() = —i Y nj Yo — n)Yo(—n). (5.22)
nepZi+o
By (5.8), (5.9) and direct computation, we obtain
2

105002 0.com < D D | D njvolx —m)Wo(m)

o0€Zp xeZd |\nepZi+o

<ol Y | Do Inlvo(=n)]

o€lp \nepZi+o

2 2
<ol - Ixvoll?y < oo.

2

By Lemma 3.10,
18,20 2 g7y = 19580 12 r.comy < 17 llo-

By Lemma 4.10, we have
t
/

t
< [oosa] - o, 0] - [ e as

(02500 e 501 = 00 89| ds

N . C
< W lloe /8P 0700 - < 0.

Therefore, lim N> (#)| = 0.
11— 00

Case n = 3: N3 can be estimated exact in the same way as N,. Again by Lemma 3.10,
we have

” 8,-31-20 ”LZ(M;(C@p) = ”aiaj,a) ||L2(A71;<C®p) = ||71\//||0<>-

By Lemma 4.10, we have

t

(00, Zygo . &5 (1 = ) o) ds

Ce
— €

sup |[N3(1)| §sup/
t t 0

<" los - /&P - |Bo:0] 2 - e <
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which gives lim 1 |N3(1)] = 0.
—0o0
Case n = 4: N4 can be estimated by applying Lemma 4.10 twice:

t N -~ ~
sup f / (82590, e™C750 (1= Q); Loe™ (1 = Q) Do) dr ds
t JOo JO
t N
< 8 Rogo - [ L] - 1ol - Csup [ [ o670 ere gras
t JOo JO

- 1 1
< IW% - v/ -1 po: o — 00,
= ” ”oo ®p ||p0,0||g2 € g — ¢ (g . 6)2 <
and thus, lim 1 |N4(t)| = 0.
11— 00

Case n = 5: It remains to estimate %N5. Recall we obtained Q¢ ®o = ¢g in (5.7). This

1 t s ~ e ~
L[ (aZien e B - 0usZoe B 0y wo)ar as
0 JO

_ Lt A _
:—<8,-IC0<p0, (;/ / e~ 6-Lo drds) 8le0<p0>,
0o Jo

since BJ']/C\()(p()AE Ran(1 — Qy), (1 — Q0)3;Kowo = 8;Ko¢0.
Since ReLy > 0, by a standard contour integral argument, the following formula was
obtained in [17,25]

1
lim -
t—00

t s ~ ~ —
/ f Me~6="E0 M, dr ds = 1, (1 - Q) Zo(1 — Q0) ' Ty = M7~ I,
0 JO
(5.23)

where 7! is as in Lemma 4.9 . Recall that BiI/Co € Ran(IT,) € Ran(P»). Thus

1 _ I _ -
lim —Ns =<3i/C0<P0, MJ ll'lzaj/C0<P0>+<3j/C0<P0, MJ ll'lzailcowo)

—oo
=<3i/€0§00, P2J713jk\0¢0>+<3jk\0</)0, szflaik\0<p0>
= 8;0,E(0),

where the last line follows from the formula of 9;9; E£(0) in (4.31). O

5.3. Limiting behavior of D(X) for small ). The following lemma can be found in [25].
It will be the main tool for us to study the asymptotic behavior of D(%).

Lemma 5.4 (Lemma D.1, [25]). Let A and R be bounded operators on a Hilbert space
‘H. If A is normal, ReA > 0 and ReR > ¢ > 0, then for any ¢, ¥ € 'H,

RanI1

7;13})<¢ <n1A+R>_lI//>H = <n¢, (TIRTT)~! nw>

where I1 = projection onto the kernel of A.
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Remark 5.5. A similar statement holds for a family of bounded operators R, such that
ReR; > ¢ > 0 and lim,_,o R, = Ry in the strong operator topology and Ry > ¢ > 0,
ie.,

anTl

313})<¢’ (n71A+R,7)_1 ¢>H - <n¢, (TTRoIT) ™! nw)R

In view of Lemma 4.9, we want to have the block form of the above lemma.

Lemma 5.6. Let A be a bounded self-adjoint operator on a Hilbert space H = H1 ®H»
with the following block form:

0 A o
A= <A£ AS) , Ay = Asz. (5.24)

Let T1 = projection onto the kernel of A, T, = projection onto the kernel of Ay and
IT = projection onto the kernel of T1o A3I1,. For any ¢ = I,

Iy = 0 if and only if l:I(p =0.
Proof. For any ¢ € 'H, direct application of Lemma 5.4 to [ +in~' A gives

tim (g, (1 +in7' A7) = (Mg, (1)~ Mp) = Mgl (5.25)
n—0

Let Py, P> be the projection onto H1, H»> correspondingly and consider ¢ € Ran(I1).
By the block form of A and Schur’s formula, we have

(. d+in' o) = (o, (Pr+in~ Az + 02440 g
- <¢, Mo (P +in~' As + 2 A5 A1, (p>. (5.26)

If we apply Schur’s formula one more time with respect to the decomposition Hy =
Ran(I1,) & Ran(l'IzL) and notice that H2A; = A,I1, = 0, then we have

~\ —1
(2 (1+in1A)1¢)=<¢, (in7'MAsM + Mo+ ) (p>
~ -1
where & = MoAs13 (P14 +inTF AT + 3 ALATT ) 13 Ao By (524),

ReA > 0 on Ran(I1»), which implies Re(IT; + Z) > 1 > 0 on Ran(ITy).
Therefore, by Lemma 5.4 and Remark 5.5, we have that

lim <<p, 04 +i7771A)71g0>
n—0
~\ —1
= lim <(p, (in*1H2A3H2+ H2+A) fﬂ>
n—0
- - o~ . -1 ~\7! ~
- <n¢, (n + 11 M, A5TTE (H%‘AéAﬂ'Ij‘) H§A3n2n> n¢>, (5.27)

where IT = projection onto the kernel of 1, A3T15.
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Putting (5.25) and (5.27) together, we have that

~ ~ - _ -1 N\~
<H¢>, (H+r1nzA3HzL (M3 43omy) My 4, H) Hgo>= Il

which completes the proof of Lemma 5.6. O

Now we can proceed to prove (2.15) in Theorem 2.11. As showed in Equation (4.31)
and Lemma 5.1, the diffusion matrix D(}) is independent of the initial condition ¢ €
Ez(Zd). To study the asymptotic behavior of D(A), it is enough to consider ¥y (x) = §y,
where we assume the ballistic motion holds in (2.14).

Proof of (2.15). We are going to apply Lemma 5.6 to A acting on Hi & Ha given by:

0 P1’C0P2 )

A=PKo+ihP = <P2/C0P1 Py(Ko +U) Py

(5.28)

where Hl, P, i =1,2areasin (4.11) and P = Py + P>. Let Il = projection onto the
kernel of P(IC() +U )P I = projection onto the kernel of Py IC() P, and IT = projection
onto the kernel of l'[z(lCo + Z/I)Hz

Let ¢> ¢; = = 0; ICogoo j = ,d, which are given as in (3.26). Recall that ¢> i

Ker(PllCon) therefore ¢/ = H2¢J Let M; ;j be as in (5.10) and pox be as in (3. 31)
By the decomposition in Lemma 5.2 at 4 = 0, one can check that 2

2(¢; (P+ L Ro+DD) 3 =n® [ e M iy de + 002 5.29
i (P i@+ D) B =t | e M@ dr+ 00D, (5.29)

When A = 0, Zfo = i(l%o + Z:i) is the unperturbed periodic operator on 0274, Cop),
Setting n = 27~ !in (2.14), there is a ¢ > 0 such that for all j and n small,

3 [ —nt 8 (™ _u 2 2
)M war= g e ij]E(m(xn)dz >¢>0. (530)
xezd
Put (5.25), (5.29) and (5.30) together, we have
~ ~ —~ ~\— 1 ~
Ind;|* = tim <¢j, (P+n7 i +2D) ¢j> >0
n—0

Therefore, 1'I¢ . # 0 and Lemma 5.6 implies that l'Iq) # 0.

Recall that E(} = 1’C0+1U+1)»V+B and Ih=~P (IICO + 1LI + )\,ZV (P3£0P3) 1y ) P
asin(4.15).Let R, = I,V QMOP;) VI, and Ry = 1,V (P3(1IC0 +1U)Pg) VI,.
Then M0, = i Py (Ko + U) PoTT, + 2R, and lim,_.o Ry = Ry (in the strong
operator topology). Applying Lemma 5.4 (and Remark 5.5) to I1,I"2 1> on Ran(I15),
we obtain that, forany 1 <i, j <d,

2 This formula was obtained in [25], Section 4.7, Where there is no error term 0(172) In [25], the choice
Yo = & implies that M; ;(0) = 0 and pp.g = 8o ® T and the proof is relatively simple. In the general
p-periodic case, the initial condition §¢ no longer provides the 31mp11ﬁed expressions of M ;(0) and p. . We
need the correction term for small 7. The proof for the general case is essentially based on the same strategy
for Lemma 5.3; we omit the details here.
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~ ~ ~ -~ —~ -1 ~
lim 22 (¢, (MoraMy) ™ ;) = lim <¢,~, (i272M2(Ro + M2 + R, ) ¢J~>
~ ~ ~ ~ _1 ~ ~
= (fig;. (firof)™" fig;).
In particular, lim;_, o A% (aj, (Mo T2 Mp) ! ¢~’j> = <ﬁ¢~’jv (ﬁROﬁ)_l n¢j> >0.
By Lemmas 4.9 and (4.31), we have
lim 379;0; E(0) =<ﬁ¢~sj, (TiRoMT) ™ ﬁ$i>+<ﬁ$,-, (TiRoTT) ™! ﬁ$j>=: D..
Let DO := (D?].)dxd. Then lim; .o A’D = D° and (k, D°k) > 0 for any 0 # k € R?
by the same argument for D. As a consequence,
lim A2t D =D’ > 0.
r—0
This completes the proof of Theorem 1.2. |

Acknowledgements The authors would like to thank Ilya Kachkovskiy for useful discussions on ballistic
motion of periodic operators. Zak Tilocco and Jeffrey Schenker were supported by the National Science
Foundation under Grant No. 1500386 and Grant No. 1411411. Shiwen Zhang was supported in part by
NSF Grant DMS-1600065, DMS-1758326, and by a post-doctoral fellowship from the MSU Institute for
Mathematical and Theoretical Physics.

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims
in published maps and institutional affiliations.

Appendix A: Decomposition of the Second Moments and the Proof of Lemma 5.2

The following facts will be used to simplify the expression of the second order partial

derivative. Note that 20 0o = Z}; @o = 0, implies that e’ Lo and e~"£o act trivially on
@ for any ¢, i.e.,

~ a
e gy = e Fogy = gp (A1)

and
7 7
e P00y = e 00y = Qy. (A2)
On the other hand, recall the formula for differentiating a semi-group,
N t N N
9, (e—fﬁk) = — / e~ =9Lkp; Iy ek ds. (A.3)
0

By (3.20) and (3.28), we have 9; 2o = 13K = —d; L. Because 8, Ko maps Ho & H,
to H,, we also have that

00d; Lo = Q0d,; L = 0; (A4)
3;9; Lo = i9;0;KCo = —;9; Ly and Q03;9;Lo = Q0did; Ly =0.  (A.5)
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Direct computation from (5.11) gives

M; (1) = — 0;0; <€00, e bk <Dk>‘

k=0
__ <¢0 e Loga ,-cpo) (A.6)
- <<ﬂo , (31’6_[20)“(:0 3j<1>0> - <<ﬂ0 , (3je_tz">|k:0 0i <1>0> (A7)
—<¢0, (a,-aje*ff())lk:o <1>0>. (A.8)

Clearly, (A.6) gives the expression for Np in (5.12). Now let’s proceed to simplify the
expression in (A.7). By the differential formula (A.3), we obtain

. ! . .
<(P0 s (a, C_tﬁk)lk 0 8] ©0> = <(p0 s (—/ e—(t—s)[,o 3,‘[,0 C_Sﬁo dS) Bj ®0>
= 0
t ~
= —/0 <§00 , 9 Loe™*F0 (1 — Qp) 3;'@0) ds,
where we use the fact by (A.2) that <<p0 , 3520 e_sz‘) Qo 9; <I>0> = 0. This gives the

expression for Nj in (5.13).
Simplifying (A.8) requires applying (A.3) twice. Differentiating (A.3) again yields,

~ t R R
0;0; (eitﬁk) = _/ e~ (=)L 8i8j£0 e—Lo g
0
t t—s PO R R ~
+ / (/ e—(t=s—=r)Lo 3 Lo e—"Lo dr) 9; Lo e—Lo g
0 0

t ~ N ~ -~
+ / e =950 5,7y ( f e L0 g Lye o dr) ds.
0 0

k=0

Therefore,

- <(p0 ’ <8i aje_tZk>|k:0 ¢0> - fo

t t—s ~ ~ ~
- / / <¢o , e UL g Ly e E0y; Ly et <I>0>dr ds (A.10)
0 JO

t

<(p0, e==L0 g5 FyeLo c1>0> ds (A.9)

t ps N . .
- / f ((/)0 , e 9Ly Lae 0 g, Ly e b <1>0> dr ds. (A.11)
0 JO
The expression on the right hand side of (A.9) leads to N3 in (5.14) since
<€00 , e UL g, Lyeok <I>0) = <3iaj Lo, e=*5 (1 - Qp) <D0>'

Expressions for (A.10) and (A.11) follow from (A.2) and (A.4) by direct computations.
For (A.10) we have,

t t—s ~ o~ ~
- / / <<po, e (=L g Ly e E0g; Lo e b0 d>0>dr ds
0 JO
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t N . R
= —/ / [( a,-E[) ®o , e~ G6-nLo(q — QO)ajZ() e"Lo (11— Q0)¢0> (A.12)
0 Jo

+<a,-2f, 90, e L1 = 00)d; Lo Q0d>0>] dr ds. (A.13)

Similarily, for (A.11),

t ps . . N
- f / <<P0 , e~ =950 9; Lo e (=L 0; Lo e Lo <I>0>dr ds
0 JO

t N . =R R _
= —/(‘) /0 [< 3./',66 @0 , e—(S—r)EO(l — 00)0; Ly e Lo a- Q())q>0> (A.14)

+<a,f[, 00, e~ 201 — 00)d; Lo Q0<D0>] dr ds. (A.15)

Clearly,

Ny = (A.12) + (A.14), N5 =(A.13) +(A.15). (A.16)

This completes the proof of Lemma 5.2.
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